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Abstract. We introduce the defect sequence for a contractive tuple of Hilbert space operators 
and investigate its properties. The defect sequence is a sequence of numbers, called defect 
1— I dimensions associated with a contractive tuple. We show that there are upper bounds for the 

O defect dimensions. The tuples for which these upper bounds are obtained, are called maximal 

contractive tuples. The upper bounds are different in the non-commutative and in the com- 
^ mutative case. We show that the creation operators on the full Fock space and the co ordinate 

O multipliers on the Drury-Arveson space are maximal. We also study pure tuples and see how 

^ the defect dimensions play a role in their irreducibility. 

(N 

1. Introduction 

Let us fix a positive integer d for this paper. Consider a tuple (Ti, • • • , r^) of bounded opera- 
^ tors on a complex,separable,infinite dimensional Hilbert space H and the completely positive 

map Pt:^{H)^^ [h) given by 

a 

' ' Pt{X) = ^ TiXT*, XGd^iH) 

^ i=i 

QQ We assume that 

On TiT.* + ---+TaT*<I. 

00 

ly-j Such a tuple T = (Ti, T2,..., Ta) is called a row contraction [10] or a contractive tuple [4, 10]. 

^ Arveson has called it d contraction [2] in case 7] 7} = 7} 7^ for all 1,7 = 1, • • • , <i. The completely 

^ positive map Pt plays a crucial role in dilation theory of a row contraction, see [5]. The con- 

^ tractivity assumption above means that Pt is a completely positive and contractive map. Thus 

> i>PtU)>pI{i)>--. 

^ This sequence of positive operators is decreasing and hence has a strong limit. If the limit is 

^ 0, then the tuple T is called pure. In this note, we associate a sequence of numbers which we 

shall call the defect dimensions with such an operator tuple. Let Hi = Range {I—Pt{I)) be the 
first defect space, and let Ar = dim77i be \he first defect dimension. 

Given an m -tuple B — {Bi, B2,...,Bm) and a A;-tuple C = (Ci, C2, . . . , Q) of bounded operators 
on H, define their product to be the m A; -tuple 

BC = (5iCi, . . . , BiCk, B2C1,... B2C1C, ...,BiCj,..., B^Ci, B^Ck]. (1.1) 
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This product has been very useful in proving the spectral radius formula, See [3] . With this 
definition, T" is a <i"-tuple whose typical entry is 7]^ Ti^... Ti^ with 1 < ii, iz, ...,in^d. Note 
that P^{I) = Prnil). Let H,, = Range (/-P"(/)) be the n-th defect space, and let Ar« = dimH„ 
be the n—th defect dimension. Thus if i^i = then H„ = for all n > 1. So we assume that 
< At- < 00. Then || Pr(7) ||< 1 would imply that / — Pt{I) is invertible and Hi = H. Since we 
have assumed that H is infinite dimensional, so the above implies that || PtU) 11=1- This study 
is motivated by [7] where these questions were investigated for d = 1. In section 2, we find 
upper bounds for the defect dimensions, show that the defect sequence is non-decreasing 
and investigate stability of the defect sequence. In this section we also show that for a pure 
tuple, the defect sequence is strictly increasing. In section 3, we investigate the maximal non- 
commuting contractive tuples. Section 4 deals with commuting ones and section 5 with the 
pure ones. 

Any tuple T considered in this note is contractive and satisfies < Aj < oo. 

2. Properties of defect dimensions 

Lemma2.1. The sequence {Arn : n = 1,2,---} is increasing in n andAjn < {l+d-\ \-d"~^)AT 

for each positive integer n . 

Proof First note that, / > Pril) > Pt{I) >■■■ so that 

0<I-PT[I)<I-P^il)<--- . 

So < At < Aj2 <■■■. This shows that the sequence {A^n : n = 1, 2, • • • } is increasing in n. Now, 
note that ifA = BC as in (1.1) above, where B and C are contractive tuples, then 

Ab<A^. (2.1) 

Indeed, 

/ - Pbcw = I - PBiPdl)) = I - Pb{I) + Pb{I) - PBiPdl)) = 1- Pb{I) + Pb{I - Pdl)) (2.2) 
This implies that / — Pbc{i) >I — Pb{I) and hence Asc > Ag. We are done. Secondly, 

ABc<AB + mAc. (2.3) 
This again follows from (2.2). The equation (2.2) implies that 

Range (/ - Pbc(/)) c Range (/ - Pb{I)) + Range {Pb{I - Pdl)))- (2-4) 

The second term on the right side is contained in X/li Range 5, (/-Pc(^))^^ So dim Range (Pb(/— 
Pd^)) < rnAc and so taking dimensions of both sides in (2.4), we have (2.3). 
We are ready to finish the proof. Applying ( 2.3) to B = C = T, we get 

At2 <At + dAr = {d + 1)At. 

Similarly, applying ( 2.3) with B = T and C = T^, we get 

Ar3 <At + dAji <At + d{d + l)Ar ^{d^ + d + l)Ar. 

Now a simple induction argument gives that Arn <{d"~^ + d"~^ -\ 1- d + IjAy. □ 
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We shall give a description of H„ and thereby we shall give a result concerning the stability 
of the For that, we need to develop some notations. Given a contractive tuple 

T = {Tu T2,---, Tal let (T, 1) : H©--® if = if be given by 



X2 



= TiXi + --- + TaXd. 



So (r, 1)* : if ^ if ^ is given by 



and (r, iXr, 1)* : if ^ if is given by (T, IXT, \fx = Pt{I)x. Now, 

(r, rf) : if ^ • • • if ^ = if ^ if 



is defined by 



iT,d) 



Xd 
Xd+l 



X2d 

X{d-l)d 
y Xd^ J 



X2 



\Xd) 



^ X(d-\)d^ 



\^ Xd^ J 



Thus (r, ay H^^ satisfies 



(x^ 

X2 



\Xdj 



^{T,vrxx\ 
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and (r, dXT, df -.H^^H^ is given by 

f {T,l]{T,lfx,^ 



{T,d){T,dr 



X2 



\Xdj 



(r,i)(r,i)*Xd 



Similarly we can define {T,d^): H^"^" ^ H^' for A; = 1, 2, • • • . 

Now consider the d^ length tuple T^. Then (T^, 1) : H'^^ His defined by 



(^1) 



X2 



= T^Xi + • • • + Ti TaXd + •••+ T^Xd2 



and (r^, 1)* : — > H'^^ is given by 



iT\lTx = 



r^'x 



iT\ l)(r2, l)*:H^H satisfies 

iT\l]iT^lfx = P^iI]x. 
(r, rf) : H'*' - • • 0H^' = ^ is defined by 



where Xi, ••• ,Xd gH^^ and (r^,^)* : H'^ —> H'^^ is given by 





X2 
\Xd) 




'(rM)*xi' 








Similarly, we can define [T^, d^) : H'^''^' 


Hd' for k = l,2, 


define 










.fjd 





Theorem 2.2. r/?e defect spaces Hn have the following properties : 
{i) Hn c Hn+i for all n = 1,2,- ■■ . 
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(ii) Hn = Hiy{T, l)A'i V (r2, IjA'*' V • • • V (r"-i, l)A^"'' for all n = 2,3,- ■■ where 

A'^' = RangdiI^at-[T,d''XT,d''T)^H'^' 
and ( IM^* c Hk+i for allk ^\,2,--- . 
Proof (/) First observe that 

{T"+\ 1) = {T\ \){T,dn and = RSH^(/ - {T\ \){T\ 1)*). 
Note X G ker(7H - (r"+i, lXr"+i, 1)*) if and only if || (r"+i, l)*x ||2=|| x IP . Take 

X e ker(/H - (r"+\ l\T"+\ If). 

Therefore 

ii(r"+i,irxiiHixir 

So 

II X f=\\ (r"+S ||2<|| {T", Ifx f<--- <\\ {T, Ifx f<\\ X f . 

Thus we have 

II X f=\\ {T"+\ Ifx f=\\ (r", Ifx ||'= ••• =11 (r, Ifx f . 

The above implies 

xGker(/H-(rM)(rM)*). 

Hence ker(/H - (T", IX^", 1)*)^ c ker(/H - (r«+i, lXT"+\ 1)*)^. As a result 

H„^H„+i foraUn = l,2,-. 

(i i) Note that .4^* = Hi • • • Hi (rf*^ copies) for A; = 1, 2, • • • . 
Take 

xGRange(7H-(rMXrMn. 

which implies 

x = {lH-[T",lXT",lf)y. 

Thus we have 

x = [Ih -{T, \){T, \f]y + [{T, \){T, If - {T\ \){T\ \f]y + [{T\ \){T\ \f - (^^ \){T\ \f]y 

+ ■■■ + [{T"-\ ixr"-i, 1)* - (r", ixr", \f]y. 

So, 

x = [IH-{T^){T^f]y + {T^)[Iti.-{T,d){T,df]{T^fyHT\\)[I^a^-{T,d^){^^ 

+ - + {T''-\l)[I^an-^-{T,d"-'){T,d"-'f]{T"-\\fy. 
Hence, 

H„ c Hi V (r, \)A'^ V (r^, \)A'^' V • • • V (r^^S \)A'^"'' for all n = 2, 3, • • • 



where = Range(/^rf*: — (T, d*^)(r, d*^)*) c . For the converse, we shall show that 

(^^lM^*CHfc+l foraUA: = l,2,---. 

Take 

XG ker(/H-(r*^+\lXr*^+',in- 
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Therefore 
So 



iT'+\iTx\M\xr. 



II X \M\ (r*^+\ ifx \M\ {T,d^)\T^, \Yx f<\\ (^^ |p< ••• <|| x f . 

Which implies 

\\{T,d^nT\\fxf=\\{T\\fxf 

Thus 

(^^1)*JCG ker(V -{T,d^){T,d^n 
The above implies (T^ 1)* maps ker(/H - (r*^+i, l)(r*^+i, 1)*) to kev{I^,k - {T,d^){T,d^f) iso- 
metrically for each A; > 0. Therefore (T*^, 1) maps A'^'' to Ht+i. As a result we have 

Hn = Hiy{T, \)A'^ V (r^, V • • • V (r"-!, IjA^" ' for aU n = 2, 3, • • • . 

□ 

CoroUary2.3. H„ = H,wf^^, Ti,H,vl,^^, T^-.T^^Hi V- vf^... Ti,-Ti„_,H,foralln>2. 

Proof. Directly follows from Theorem 2.2 and the fact that = Hi • • • ® Hi (d*^ copies) for 
k = l,2,---. □ 

The following theorem shows that the defect sequence either is stricdy increasing or stabilises 
after finitely many steps. 

Theorem 2.4. IfATn=ATn+iforsomen, then A fk — Ax" for all k > n. 

Proof A implies that H„ = H„+i. We shall show that H„+2 = Hn+i. Now H„ = H„+i 

implies that 

(T", i)A'^" c Hi V (r, iM'^ V (r^, v • •• v (r"-S iM^" 

To show H„+i = H„+2 we shall show that 

[T"+\ i)A'^"^' c (r, i]A'' V (r^, V • •• V (r", iM'^". 

Then it will follow that Hn+z ^ -ff„+i. From that it follows that H„+i = H„+2. 



iT"+\l]A'^"^ =iT,l] 



^iT",l]A<^" 

^Hi V (r, iM'^ V (r2, i).4'^' V • • • V ( r«-i, 
^//i V (T, iM'^ V (r2, i).^'^' V • • • V ( r«-i, 



















v(r,i) 




v---v(r,i) 





□ 
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Here is a condition to ensure that the defect sequence is strictly increasing. 
Lemma 2.5. For a pure tuple T, A j-" < A^n+i for all n. 

Proof. Let there exist k such that A Then from theorem 2.3 we have A for 

all n > A;. Which implies = H^+i = • • • . As a result we have 

ker(/« - (^^ ir) = ker(/H -(r^+\ \){T^+\ !)* = •••. 

So taking x G ker(/H — [T^, \){T^, Vf) we have 

\\x\\=\\{T\irx\\=\\{T'^^\\rx\\=- . 

Note that purity of T is the same as [T", Vf converging to strongly. Since (T", 1)* strongly 
goes to zero, we have x = 0. So we have ker(/H — {T^, \){T^, Vf) — {0}. Which implies = H. 
So we have Aj^* = dimH = oo.which is a contradiction. So we have Arn < A^n+i for all n. □ 

Now we shall see a condition for which Ayn = n. 

Lemma 2.6. If dim{Hi) = 1, dim{T", l)A'^" = 1 and T is pure, then At« = n. 

Proof We have seen that H„ c Hi V ( T, 1)^^ V ( T^, IM'*' V • • • V (r^-i, for all n = 2, 3, • • • 

where 

= ^^{1^,, - {T, d^){T, d^T) C H"'. 

Hence At« < n for all n = 2, 3, • • • . If there exists such that Ar«o < no.then since Ay = 1 and 
{Ayn} is increasing, we have which can not happen from the previous lemma. 

So we have At-k = n. □ 

Theorem 2.7. Aj-n = dim{Rang^Ifjd"—{T", 1)*{T", 1)) ifandonlyifdim{ker{T", l)) = dim{ ker{T 

Proof. First we shall show that if dim(ker(r", 1)) = dim(ker(r", 1)*) then there exists a unitary 
operator U:H<i" such that (T", 1) = U{[T", l)*(r", l))i/2. First observe 

\\{{T\mT\l)fl^xf=\\{T\\)xf. 

The operator V : Range((r", VflT**, 1))^/^ RangeCT", 1) is an onto isometry. Also 

R^((r", inr", \)fi^ = R^(r", i)*. 

So V : Range(r", 1)* Range(r", 1) is unitary and [T", 1) = V{{T", l)*(r", We write 

H'^"=Range(rM)*© ker(rM). 

H = Range(r", 1)0 ker(r", 1)*. 

If dim(ker(r", 1)) = dim(ker(r", 1)*) then there exists unitary W : ker(r", 1) ker(r", 1)*. 
Thus 

U^V®W:'RangeiT'',lf® ker(rM) ^Range(r", 1)© ker(r",l)* 
is unitary and (T", l] = U{iT",l)*iT", Which implies 

[T", IXT", If = U{T", lf{T", l)U*. 
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As a result we have if dim(ker(r", 1)) = dimCkerCr", 1)*) then At« = dim (Range(/^^d" -(T", l)*(r", 
For the converse if A^n = dim(Range(/j:^d« — (T", l)*(r", 1)) then there exists unitary U : H^" 
H such that 

[T", 1){T", If = U[T", lf[T", l)U*. 

First note that {T", IfiT", l)lRaEge(rMr unitarily equivalent with {T", 1]{T-, Ifl^^^^^n^.y 
Indeed, this can be seen by an argument similar to the proof of Lemma 1.4 in [8]. Since 
V*{iT",l]{T",l)*}V = (r",l)*(r",l), where V : Range(r",l)* ^ Range(r",l) is defined as 
above, 

(r",l)*(r",l) = AieO onRange(r",l)*e kerCr",!) 

and 

(r",l)(r'',l)* = A2eO onRange(r",l)e ker(r",l)*. 

Thus, dim(Range(/H-(r", IX T",!)*) ) = dim(Range(V« -{T", l)*(r«, 1))) implies that dim(Rang 
Ai)) + dim(ker(r", 1)) = dim(Range(/ - A2]) + dim(ker(r", 1)*). As a result, dim(ker(r", 1)) = 
dim(ker(r",l)*). □ 



3. Maximal operator tuples 

Definition 3.1. Call an operator tuple T = (Ti, • • • , T^) maximal ifAj" —[l + d-\ 1- d""^)Ar 

for any positive integer n. 

Given a Hilbert space if, define the full Fock space over if by 

r(if) = c©^©^®2©---©^®^®---. 

The one dimensional subspace C © {0} © {0} © • • • is called the vacuum space ^l. The unit norm 
element (1, 0, 0, . . .) is called the vacuum vector and is denoted by co. The projection on to the 
vacuum space is denoted by Eq. 

Let { ei, ^2. • • • . } be an orthonormal basis of . Then an orthonormal basis for the full tensor 
product space (C*)®*^ is {e/j • • • ® e/^^ : 1 < ii,...,ik <d}. Define the creation operator tuple 
V = {Vi,V2,...,Vd)onthe full Fock space r(C'*) by 

V^^ = ej(8)?for z = l,2,...,d and^eFCC^). 

Needless to say that ® £u is identified with e,. It is easy to see that the are isometrics with 
orthogonal ranges. 

Lemma 3.2. The creation operator tuple V = {Vi,--- ,Va) is maximal. 

Proof. We compute the action of on the orthonormal basis elements: 

{V*[ei, (8> e/, (8> • • • (8) e,- J, = {d, O e,, • • • e,-,, ViE,) 

= {ei,®ei^®---®ei^,ei®^) 




{ei,®---®ei„,0 ifii = i 
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Thus 

I ifii = i 

I U It I. 

Hence it follows that X ® e,2 (8) • • • O e, J = e,i ® ••• ® e^j. for any A; > 1 and 1 < 

ii,...,ik ^ d. 
Now 

(^) = {CO, ei ®^) = Q for any ? e rCC^) and any i. 

Thus ^ V/V^*(a)) = and hence I — '^ViV^ is the 1 -dimensional projection onto the vacuum 
space. In a similar vein, it is easy to see that 

is the projection onto C®C^ ®(C^)®2©---e(C^)®''~\ the direct sum of A; particle spaces from 
A; = to n — 1 . This space has dimension \ + d^ □ 

Lemma 3.3. IfW = {Wi, W2, • • • , VV^) is a contractive tuple consisting of isometrics, then W is 
maximal. 

Proof. For this proof, we shall use the Wold decomposition of W due to Popescu. Theorem 1.3 
of Popescu [9] says that the Hilbert space H decomposes into an orthogonal sum if = Ho® ^^i 
such that Hq and Hi reduce each operator for / = 1, 2, • • • , d and 

(i) (/-Xti^^*)lHi = 0' 

(ii ) if Ai = Wi\Ho, then the tuple A is unitarily equivalent to the tuple consisting of ® Isi^ . 
Since the reducing subspace Hi does not contribute to the defect dimensions at all, we have 
the result. □ 

The next lemma shows that a maximal operator tuple restricted to a reducing subspace is also 
maximal. 

Lemma3.4. Let{Ti,--- , To) he a maximal operator tuple and M he a reducing subspace for each 
o/Ti, ••• , Tdjthen the operator tuple{Ti\M,--- , TdiM) is also maximal. 

Proof. Let dim [Hi) = dim { Range (/ — ^' ~ ^- ^^e first defect space of the operator 
tuple ( Ti Im, • • • , 7d Im) is given by 

d 

H; = B^ilM-Y,(Ti\M)iTi\MT) 

i=l 
d 

= ~R^iI-J^TiT*)\M. 

So H^ c Hi. Now we know that the second defect space of the operator tuple (Ti,-- - , Ta) is 
given by 

H2 = HiV(r,lM^ 

= HiWUHi)w--WTa{Hi). 
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Since it is given that the operator tuple (Ti, • • • , Ta) is maximal, so dim (H2) = {l+d)n = n+nd. 
Which implies dim { Ti{Hi)} = n for all / = 1, • • • , Now the second defect space of the opera- 
tor tuple (TiIm,--- , Trflw) is givenbyH2 = //jVri|M(^^i)V---vrrf|M(Hj). Since dim{Ti{Hi)} = n 
and H'^ c Hi, so dim { 1} \m{H'-J\ — dim [H'^. As a result dim [H'^ = {\ + d) dim [H'^. Similarly 
it is easy to see that dim (//|^ ) = ( 1 + d + • • • + d "-i) dm\{H'^). □ 

We shall investigate the question of maximality of the tuple (Pm M Im. • • • . Pm ^ Im) where M is 
either an invariant or a co-invariant subspace of r(C^). 

Lemma3.5. IfM isan invariant subspace of Y{C^), then the tuple {Vi\m,--- , VAm) ismaximal. 

Proof. Since the tuple (MIm>"- > M^Im) is a contractive tuple consisting of isometrics, so by 
lemma 3.3 the tuple is maximal. □ 

The situation for co-invariant subspaces is starkly different. In the rest of this section, we give 
an example of a co-invariant subspace such that the compression of the creation operators to 
this subspace is not maximal. We also give an example of a co-invariant subspace for which it 
is maximal. 

Here we shall introduce the multi-index notation. Let A denote the set {1,2, ••• ,d} and A™ 
denote the m — fold cartesian product of A for m > 1. Let A denote IJm=o^'"' where A° is just 
the set {0} by convention. For a e A, denote the vector ea^® ea2®---® ^un, the full Fock 
space r(C'*), and eo is the vacuum vector co. 

The following shows that there exists co-invariant subspace M c TiC^) such that the operator 
tuple (Pm^Im, • • • ,Pm^Im) is not maximal. 

Let us consider the operator tuple [Ri,--- ,Rd) on r(C'^) where each Rj : r(C^) — » r(C^) is 
given by 

Rj{^) = ? 8) ey, for 7 = 1, 2, • • • , d and ? e HC^). 

Note that ViRj = RjVi for all i,j e {1,2,--- ,d}. Fix any 7 e {1,2,--- ,d} and consider the sub- 
space M-*- c r(C'') given by M-*- = Range Rj. So the subspace is invariant under each 
Vi. The orthonormal basis of M-*- is given by {e^ ® ey,for all a e A}. Let us consider the op- 
erator tuple T = [PmVAm,--- .Pm^Im)- The first defect space of the tuple is given by Hi = 
Range (Pm - Xti PMViPMV*PM). The operator 



d 

PM-Y,PMViPMV;PM = Pm[I -^ViV*]PM 



i=l i=l 

= PmEqPm 
= Eo. 



So Hi = fZ and = L The second defect space of the tuple T is given by 



H2 = HiV PmViPm{Hi) V • • • V Pm V^^PmC^O = Hi V PmCsi) V • • • V PM(ed). 
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Now 

Pmiei] = ei-PM^et] 

asA 

— Si {Ci, ej)ej. 

So the second defect space has dimension l + {d — l) = d. Hence the operator tuple T is not 

maximal. 

Our aim is to find a class of co -invariant subspacesM c ^C*) of the tuple (M,--- , l^) for which 
the tuple (Pm M Im, • • • , M< Im) is maximal. 

Take an inner function if G r(C^) which is given by if — XaeA'^"^" such that Aq = and # 
for infinitely many a. (See [1] for the definition of inner function.) Note since (p is inner the 

multiplication operator M,^ : r(C'^) — > r(C'^) given by Mip{r]) = ri<^ if is a.n isometry. 
Consider the closed subspace c T{C^) given by M-*- = TiC^] (E) (p. The subspace M-*- is 
invariant under each Vj and it has ortho normal basis given by {ecf (8> (/j; a e A}. Our claim is the 
tuple r = (PMMlM.-" .^V^lMjis maximal. The first defect space ofthe tuple Tis given by 

d 

Hi = B^iPM -^Pm ViPM Vp Pm). 

The operator 

d d 

PM-Y,PMViPMV;PM = Pm{I -Y.^iK'^^M 

i=l i=l 

= PmEqPm 
= Eo. 

So At = 1 and Hi = O. The second defect space of the tuple T is given by 

H2 = HiW PmVMHi] V • • • V PMVdPMiHi] = Hi\/ Puiei] V • • • V PwCed). 

Here 

PMiet) = ei-PM^ei) 

= e/-2^(e/,ea®97>ea®9P 

aeA 

= ei-{ei,ip)ip 

The vectors {e\ — Xiif,--- ,Sd — ^dP) are linearly independent, because if has infinitely mane 
co-ordinates non zero. As a result the second defect space has dimension d + 1. The third 
defect space of the tuple T is given by 

Hs = HiW PmVMHi) V • • • V Pm VaPM{Hi] V (Pm VM\Hi] V • • • V (Pm VM^Hi). 
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Now, 

PMViPMVjPMiHi) = PM^ej - Xjif) = Puiei ® ej)- Pm^Mi kp) 

= PM{ei®ej) 
= {ei®ej)-PM^{ei®ej) 

aeA 

= (e,- ® ey) - A,7 9? - A;(e,- ® 97). 

Again the vectors {e,® — A;y (/J — Aj(e, (8>(/j) for 1 < zj' < d] are linearly independent as (/? has 
infinitely many non-zero co-ordinates. As a result the third defect space H3 has dimension 
l + d + d^.ln the same fashion the n-th defect space /f„ has dimension l + d-\ \-d"~^. 

4. Commuting tuples 
Lemma 4.1. For a commuting operator tuple T = {Ti,--- ,Ta) and any positive integer n, 

n-l 



^-"^2.1 d-i l^^- 

k=0 ^ ^ 



Proof. As before, for a contractive non-unital spanning set Ti, Ta, . . . , T^, we have A 7-2 <{d + 
1)At. So the result holds for n = 2. If it holds for n — 1, then 



k + d-l 

fc=0 ^ 



fc=0 ^ 

Now I - P^{I) = 1- P^"'(/) + P^-'il - Pt{I)). So 



Ar» < 2 I ) Ar + dim Range P^-\l - Pt{I]] 

k=0 ^ ^ 

^ X^fk + d-l\^ rn-l + d-l\^ X^fk + d-l\^ 



□ 



Definition 4.2. CaZZ a commuting operator tuple T = (Ti, • • • , T^) maximal if for any positive 
integer n, 

^T^=U d-l ]^^- 



The tuple V = {Vi,^,...,V4) has a certain co-invariant subspace (i.e., the subspace is invariant 
under for each i) that is of special interest. To describe it, consider the permutation group 
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(Tjk in A; symbols. It has a unitary representation on the full tensor product space S£®^ for 
A; = 1, 2, . . .. The representation is defined on elementary tensors by 

L/;T:(Xi®X2®---®Xfc) = X„-i(i)®X;r-i(2)<8>-"<8>X;r-i(fc), X,Gif. (4.1) 

The symmetric tensor product of k copies of S£ is then the subspace of the full tensor product 
c£®k consisting of all vectors fixed under the representation of the permutation group. 

Of course, if © ^ = S£®^ = 5£ . It is now natural to consider the symmetric Fock space. It is a 
subspace of the full Fock space and is defined by 

Note that the vacuum vector of the full Fock space is in the symmetric Fock space. We con- 
tinue to denote by £0 the projection onto the one-dimensional space spanned by the vacuum 
vector. Denote by the orthogonal projection onto the subspace rs(if) of r(if ). Now we 
specialize to iif = C^. As before, {ei, e2,...,ed]is an orthonormal basis. The projection Pg acts 
on the full tensor product space iif by the following action on the orthonormal basis: 

1 

Psiei, «) e;, (8> • • • (8> e; J = — 2^ e;,^,, O e/^^, • • • (8> e/^^,, 

where n varies over the permutation group (Jk- It is well known (see for example [5] that 
Ts{C'^] is an invariant subspace for V*, V*,..., VJ[. Define the d-shift (see [2]) S = (Si, S2, . . . , Sa] 
on r^(C'*) by 

Si^ = Psiet ® = P. Vi^ for J = 1, 2, . . . , d and ^ e r,(C^). 
Since are isometrics, the S, are contractions. They are commuting operators, see [5]. 

Lemma 4.3. The operator tuple S = [Si,--- ,Sd) isa maximal commuting operator tuple. 

Proof. A computation similar to the proof of Lemma 3.2 shows that for any n = 1,2, . . ., the 
operator 

/- V SuSu...Si„sr. ...s*s* 

'1 '2 in j„ 12 ii 

is the projection onto C © C © (C'')©^ © • • • © (C'^)©""^. This is so because of commutativity. 
This space has dimension ^^^g ^ ^ 

Consider the Arveson space on the unit ball B^^ defined by the reproducing kernel Kx[z) = 
1/(1— < z,A >), where < z, A >= Xy^i'^i'^i- From proposition 2.13 of [2] we know that, the 
spaces and Ts[C'') are unitarily equivalent and the d tuple of operators (Si,---,Sd) on 
rj;(C^) is unitarily equivalent to the d- shift (Mz^, - - ,Mz^) on H^. By a multiplier of we 
mean a complex- valued function / on with the property fH^ C H^.The set of multipliers 
is a complex algebra of functions defined on the ball B^ which contains the constant func- 
tions, and since itself contains the constant function 1, it follows that every multiplier must 
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belong to . In particular, multipliers are analytic functions on . It is easy to see that a mul- 
tiplication operator Mf on defined by a multiplier / is bounded. Let M c be closed 
and invariant under action of the d- shift and Tm = (MzJm. - •• ,MzJm]- From proposition 6.3.1 
of [6] (page no: 142) we know that fM c M, if / is a multiplier of H^. It is obvious that the d - 
tuple Tm is a d -contraction and hence 

Pmj 

where Pm is the orthogonal projection from H^^ onto M. The first defect dimension for the 
tuple Tm is given by 

d 

At^ = dim{RiH^(PM - X PmMI)] 

i=l 

The next theorem shows that A^^,^ > 2, for any proper closed subspace M of H^, where d>2. 

Theorem 4.4. Let M be a proper, closed subspace ofH^,d > 2, which is invariant under the 
action of the d— shift. Then At^^ > 2. 

Proof. Clearly A^^ > 1. If A^m = 1, then from proposition 6.3.7 of [6] (page no: 148) we have 
there exists a multiplier of such that Pm = M^pM*^. Note that ker(M,^) = {0}. Indeed if 
/Gker(M^), then 

ip{z]f{z] = 

for all z e Brf. Since is not identically equal to zero, there exists w GMa such that ip[w] y^O. 
Which implies there exists B[w, r) an open ball of radius r on which if is not equal to zero. 
So /(z) = for all z e B{w, r). As f G H^, so / is identically equal to zero. Thus, M = ipH^ 
and M*^M^ — Id. Now by Corollary 6.2.5, of [6] (page no: 140), we see that if is constant, and 
hence M = H^. This contradiction shows that A^^^ > 2. □ 

5. Pure operator tuples 

The operator tuples V = {Vi,V2,...,Vd] on HC*) and S = (Si,S2,...,Sd) on TsiC^] have the 
special property that Py{I) and Pgil) converge strongly to and hence they are pure. 

Lemma 5.1. Let T = {Ti,--- ,Td) be a pure operator tuple on H and M C.H either an invariant 
or a co-invariant subspace for each 7] and letAi = PMTi\M for i = l,--- ,d. Then the tuple A = 
iAi,---,Ad) is pure. 

Proof. First let M c H is an invariant subspace for each 7] and consider the tuple ^ = (Ti |m, • • • . Im)- 
It is easy to see that P^(/) < Pxil)- Since P^il) goes strongly to zero so also P^{I). 
Now let M c if is a co-invariant subspace for each 7} and consider the tuple A = [Pm 71 |m, • • • . |m). 
First observe that, 

d 

Pa{I) = X^^m^Ia^XA^t^Im)* 

1=1 

d 

= J^PMTiT*\M 

1=1 
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Now, for m&M we have, 

d d 

{^PMTiT*m,m) = Y,^PMTiT*m,m) 

i=l !=1 

d 

< {^TiT*m,m) 

i=l 

< {m,m). 

That implies 

Pa[I) < Pt[I)\m < Im 

Similarly we can show that, 

p;(/) < p;(/)|m 

But the right hand side converges strongly to zero. So, P"il) converges strongly to zero. □ 

It is certainly not true that a maximal commuting operator tuple is necessarily pure. For ex- 
ample, let us consider a spherical isometry Z = (Zi,Z2, . . . ,Zd) on a Hilbert space J/', i.e., Z/ are 
commuting and Y,Z*Zi - I^^. If for j = 1, 2, ... , d, we define Af = Si ®Zi on TsiC) © Jt^, then 
Pa" [I] = Ps" (/) © Pz" iI) = PsniI)®I and hence 

(i) A^n = As« for every n — l,2,... and 

(ii) as n ^ 00, the operator Pa"{I) converges strongly to a projection. 
The next lemma connects an irreducible tuple with pure tuple. 

Definition 5.2. A tuple T = {Ti,--- ,Td] ona common Hilbert space H is said to be irreducible if 
there exists no proper closed subspace M<^H which is reducing under Tj for i = l,--- ,d. 

Lemma 5.3. IfT = {Ti,--- ,Td] is an irreducible tuple such that At > 0, then T is pure 

Proof. Theorem 4.5 of [5] states that if T = (Ti,-- - , r^) is any contractive tuple acting on a 
separable Hilbert space H and At = m (which is a non-negative integer or oo), then there 
is a separable Hilbert space ^ of dimension m, another separable Hilbert space J/' with 
a tuple of operators Z = (Zi,--- ,Zd) acting on it, satisfying Z*Zj = Stj for I < i,j < d and 
ZiZ* + ■■■ +Z„Z*^ = fY such that : 

[a] H is contained in H = [TiC^) <8) ^) © as a subspace and it is co-invariant under A = 
m.V®Z. 

{b)T is the compression of A to /f i.e,. 

Ti^ Ti^--- Ti^ h = PnAi.Ai^ ■ --Ai^ h for every hGH,k> landl < ii, ii,--- ,ik<n. 



(c) fi = span{Ai^Ai^---Ai^h,'w\iexeh&H,k > landl < i\, iz,--- , ik < n]. 
Since (Ti, • • • , Ta) is an irreducible tuple on H, so either H c r[C'^) ®M oxHC. J{ . Now if H c 
J{ then Ar = 0. So H c Y{C^)%M and 7} = Pu{Vi% Iji)\n- As a result the tuple T = (Ti, • • • , T^) 
is pure. □ 
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The converse of this lemma is not true. Let us consider the operator tuple r = (14®Si,---,l^® 
Sd) defined on the Hilbert space nC^jSFsCC^). Here T is pure, = 2, but T is not irreducible. 

We end with an example of a pure operator tuple, which is not maximal.Consider the Hilbert 
space H = r(C''~^)0C and let (Ti, • • • , T^) be the operator tuple on H given by 

^i=(o o)''"''^^-'=[\' o)'^^=(o rl)- 

where < r < 1. 

References 

[1] A. Arias , G. Popescu, Factorization and reflexivity onfock spaces, Integr Equat Oper Th. 
23(1995), 268-286. 

[2] W. Arveson, Subalgebras ofC* -algebras. III. Multivariable operator theory, Acta Math. 181 

(1998), 159-228. 

[3] R.Bhatia, T. Bhattacharyya, On the joint spectral radius of commuting matrices Studia 
Math. 114 (1995), 29-38. 

[4] T.Bhattacharyya, J.Eschmeier and J.Sarkar, On CNC commuting contractive tuples, 
Proc.Indian Acad.Sci.Math.Sci. 116(2006), 299-316. 

[5] T. Bhattacharyya, Dilation of contractive tuples : A survey, Surveys in analysis and op- 
erator theory (Canberra, 2001), 89-126, Proc. Centre Math. Appl. Austral. Nat. Univ, 40, 
Austral. Nat. Univ, Canberra, 2002. 

[6] X. Chen, K. Guo, Analytic Hilbert modules. Chapman Hall/CRC Research Notes in Math- 
ematics, 433, Boca Raton, FL, 2003. 

[7] H.-L. Gau, P. Y. Wu, Defect indices of powers of a contraction. Linear Algebra Appl. 432 
(2010), 2824-2833. 

[8] H.-L. Gau, E Y. Wu, Unitary part of a contraction J. Math. Anal. AppL 366 (2010), 700-705. 
[9] G. Popescu, Isometric dilations for infinite sequences of noncommuting operators. Trans. 

Amer. Math. Soc. 316 (1989), 523-536. 
[10] G. Popescu, Poisson transforms on some C* -algebras generated by isometrics, J. Funct. 

Anal 161(1999), 27-61. 

(Bhattacharyya) Department of Mathematics, Indian Institute of Science, Bangalore, 560 012, India 
E-mail address: tirtha@math . iisc . ernet . in 

(Das) Department of Mathematics and Statistics, Lancaster University, Lancaster LAI 4YF, United Kingdom 
E-mail address: b . das@lancaster .ac.uk 

(Sarkar) Department of Mathematics, Indian Institute of Science, Bangalore, 560 012, India 
E-mail address: santanu@math . iisc . ernet . in 



THE DEFECT SEQUENCE FOR CONTRACTIVE TUPLES 



TIRTHANKAR BHATTACHARYYA, BATA KRISHNA DAS, AND SANTANU SARKAR 



Abstract. We introduce the defect sequence for a contractive tuple of Hilbert space operators 
and investigate its properties. The defect sequence is a sequence of numbers, called defect 
1— I dimensions associated with a contractive tuple. We show that there are upper bounds for the 

O defect dimensions. The tuples for which these upper bounds are obtained, are called maximal 

contractive tuples. The upper bounds are different in the non-commutative and in the com- 
^ mutative case. We show that the creation operators on the full Fock space and the co ordinate 

O multipliers on the Drury-Arveson space are maximal. We also study pure tuples and see how 

^ the defect dimensions play a role in their irreducibility. 

(N 

1. Introduction 

Let us fix a positive integer d for this paper. Consider a tuple (Ti, • • • , r^) of bounded opera- 
^ tors on a complex,separable,infinite dimensional Hilbert space H and the completely positive 

map Pt:^{H)^^ [h) given by 

a 

' ' Pt{X) = ^ TiXT*, XGd^iH) 

^ i=i 

QQ We assume that 

On TiT.* + ---+TaT*<I. 

00 

ly-j Such a tuple T = (Ti, T2,..., Ta) is called a row contraction [10] or a contractive tuple [4, 10]. 

^ Arveson has called it d contraction [2] in case 7] 7} = 7} 7^ for all 1,7 = 1, • • • , <i. The completely 

^ positive map Pt plays a crucial role in dilation theory of a row contraction, see [5]. The con- 

^ tractivity assumption above means that Pt is a completely positive and contractive map. Thus 

> i>PtU)>pI{i)>--. 

^ This sequence of positive operators is decreasing and hence has a strong limit. If the limit is 

^ 0, then the tuple T is called pure. In this note, we associate a sequence of numbers which we 

shall call the defect dimensions with such an operator tuple. Let Hi = Range {I—Pt{I)) be the 
first defect space, and let Ar = dim77i be \he first defect dimension. 

Given an m -tuple B — {Bi, B2,...,Bm) and a A;-tuple C = (Ci, C2, . . . , Q) of bounded operators 
on H, define their product to be the m A; -tuple 

BC = (5iCi, . . . , BiCk, B2C1,... B2C1C, ...,BiCj,..., B^Ci, B^Ck]. (1.1) 
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This product has been very useful in proving the spectral radius formula, See [3] . With this 
definition, T" is a <i"-tuple whose typical entry is 7]^ Ti^... Ti^ with 1 < ii, iz, ...,in^d. Note 
that P^{I) = Prnil). Let H,, = Range (/-P"(/)) be the n-th defect space, and let Ar« = dimH„ 
be the n—th defect dimension. Thus if i^i = then H„ = for all n > 1. So we assume that 
< At- < 00. Then || Pr(7) ||< 1 would imply that / — Pt{I) is invertible and Hi = H. Since we 
have assumed that H is infinite dimensional, so the above implies that || PtU) 11=1- This study 
is motivated by [7] where these questions were investigated for d = 1. In section 2, we find 
upper bounds for the defect dimensions, show that the defect sequence is non-decreasing 
and investigate stability of the defect sequence. In this section we also show that for a pure 
tuple, the defect sequence is strictly increasing. In section 3, we investigate the maximal non- 
commuting contractive tuples. Section 4 deals with commuting ones and section 5 with the 
pure ones. 

Any tuple T considered in this note is contractive and satisfies < Aj < oo. 

2. Properties of defect dimensions 

Lemma2.1. The sequence {Arn : n = 1,2,---} is increasing in n andAjn < {l+d-\ \-d"~^)AT 

for each positive integer n . 

Proof First note that, / > Pril) > Pt{I) >■■■ so that 

0<I-PT[I)<I-P^il)<--- . 

So < At < Aj2 <■■■. This shows that the sequence {A^n : n = 1, 2, • • • } is increasing in n. Now, 
note that ifA = BC as in (1.1) above, where B and C are contractive tuples, then 

Ab<A^. (2.1) 

Indeed, 

/ - Pbcw = I - PBiPdl)) = I - Pb{I) + Pb{I) - PBiPdl)) = 1- Pb{I) + Pb{I - Pdl)) (2.2) 
This implies that / — Pbc{i) >I — Pb{I) and hence Asc > Ag. We are done. Secondly, 

ABc<AB + mAc. (2.3) 
This again follows from (2.2). The equation (2.2) implies that 

Range (/ - Pbc(/)) c Range (/ - Pb{I)) + Range {Pb{I - Pdl)))- (2-4) 

The second term on the right side is contained in X/li Range 5, (/-Pc(^))^^ So dim Range (Pb(/— 
Pd^)) < rnAc and so taking dimensions of both sides in (2.4), we have (2.3). 
We are ready to finish the proof. Applying ( 2.3) to B = C = T, we get 

At2 <At + dAr = {d + 1)At. 

Similarly, applying ( 2.3) with B = T and C = T^, we get 

Ar3 <At + dAji <At + d{d + l)Ar ^{d^ + d + l)Ar. 

Now a simple induction argument gives that Arn <{d"~^ + d"~^ -\ 1- d + IjAy. □ 
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We shall give a description of H„ and thereby we shall give a result concerning the stability 
of the For that, we need to develop some notations. Given a contractive tuple 

T = {Tu T2,---, Tal let (T, 1) : H©--® if = if be given by 



X2 



= TiXi + --- + TaXd. 



So (r, 1)* : if ^ if ^ is given by 



and (r, iXr, 1)* : if ^ if is given by (T, IXT, \fx = Pt{I)x. Now, 

(r, rf) : if ^ • • • if ^ = if ^ if 



is defined by 



iT,d) 



Xd 
Xd+l 



X2d 

X{d-l)d 
y Xd^ J 



X2 



\Xd) 



^ X(d-\)d^ 



\^ Xd^ J 



Thus (r, ay H^^ satisfies 



(x^ 

X2 



\Xdj 



^{T,vrxx\ 
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and (r, dXT, df -.H^^H^ is given by 

f {T,l]{T,lfx,^ 



{T,d){T,dr 



X2 



\Xdj 



(r,i)(r,i)*Xd 



Similarly we can define {T,d^): H^"^" ^ H^' for A; = 1, 2, • • • . 

Now consider the d^ length tuple T^. Then (T^, 1) : H'^^ His defined by 



(^1) 



X2 



= T^Xi + • • • + Ti TaXd + •••+ T^Xd2 



and (r^, 1)* : — > H'^^ is given by 



iT\lTx = 



r^'x 



iT\ l)(r2, l)*:H^H satisfies 

iT\l]iT^lfx = P^iI]x. 
(r, rf) : H'*' - • • 0H^' = ^ is defined by 



where Xi, ••• ,Xd gH^^ and (r^,^)* : H'^ —> H'^^ is given by 





X2 
\Xd) 




'(rM)*xi' 








Similarly, we can define [T^, d^) : H'^''^' 


Hd' for k = l,2, 


define 










.fjd 





Theorem 2.2. r/?e defect spaces Hn have the following properties : 
{i) Hn c Hn+i for all n = 1,2,- ■■ . 
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(ii) Hn = Hiy{T, l)A'i V (r2, IjA'*' V • • • V (r"-i, l)A^"'' for all n = 2,3,- ■■ where 

A'^' = RangdiI^at-[T,d''XT,d''T)^H'^' 
and ( IM^* c Hk+i for allk ^\,2,--- . 
Proof (/) First observe that 

{T"+\ 1) = {T\ \){T,dn and = RSH^(/ - {T\ \){T\ 1)*). 
Note X G ker(7H - (r"+i, lXr"+i, 1)*) if and only if || (r"+i, l)*x ||2=|| x IP . Take 

X e ker(/H - (r"+\ l\T"+\ If). 

Therefore 

ii(r"+i,irxiiHixir 

So 

II X f=\\ (r"+S ||2<|| {T", Ifx f<--- <\\ {T, Ifx f<\\ X f . 

Thus we have 

II X f=\\ {T"+\ Ifx f=\\ (r", Ifx ||'= ••• =11 (r, Ifx f . 

The above implies 

xGker(/H-(rM)(rM)*). 

Hence ker(/H - (T", IX^", 1)*)^ c ker(/H - (r«+i, lXT"+\ 1)*)^. As a result 

H„^H„+i foraUn = l,2,-. 

(i i) Note that .4^* = Hi • • • Hi (rf*^ copies) for A; = 1, 2, • • • . 
Take 

xGRange(7H-(rMXrMn. 

which implies 

x = {lH-[T",lXT",lf)y. 

Thus we have 

x = [Ih -{T, \){T, \f]y + [{T, \){T, If - {T\ \){T\ \f]y + [{T\ \){T\ \f - (^^ \){T\ \f]y 

+ ■■■ + [{T"-\ ixr"-i, 1)* - (r", ixr", \f]y. 

So, 

x = [IH-{T^){T^f]y + {T^)[Iti.-{T,d){T,df]{T^fyHT\\)[I^a^-{T,d^){^^ 

+ - + {T''-\l)[I^an-^-{T,d"-'){T,d"-'f]{T"-\\fy. 
Hence, 

H„ c Hi V (r, \)A'^ V (r^, \)A'^' V • • • V (r^^S \)A'^"'' for all n = 2, 3, • • • 



where = Range(/^rf*: — (T, d*^)(r, d*^)*) c . For the converse, we shall show that 

(^^lM^*CHfc+l foraUA: = l,2,---. 

Take 

XG ker(/H-(r*^+\lXr*^+',in- 
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Therefore 
So 



iT'+\iTx\M\xr. 



II X \M\ (r*^+\ ifx \M\ {T,d^)\T^, \Yx f<\\ (^^ |p< ••• <|| x f . 

Which implies 

\\{T,d^nT\\fxf=\\{T\\fxf 

Thus 

(^^1)*JCG ker(V -{T,d^){T,d^n 
The above implies (T^ 1)* maps ker(/H - (r*^+i, l)(r*^+i, 1)*) to kev{I^,k - {T,d^){T,d^f) iso- 
metrically for each A; > 0. Therefore (T*^, 1) maps A'^'' to Ht+i. As a result we have 

Hn = Hiy{T, \)A'^ V (r^, V • • • V (r"-!, IjA^" ' for aU n = 2, 3, • • • . 

□ 

CoroUary2.3. H„ = H,wf^^, Ti,H,vl,^^, T^-.T^^Hi V- vf^... Ti,-Ti„_,H,foralln>2. 

Proof. Directly follows from Theorem 2.2 and the fact that = Hi • • • ® Hi (d*^ copies) for 
k = l,2,---. □ 

The following theorem shows that the defect sequence either is stricdy increasing or stabilises 
after finitely many steps. 

Theorem 2.4. IfATn=ATn+iforsomen, then A fk — Ax" for all k > n. 

Proof A implies that H„ = H„+i. We shall show that H„+2 = Hn+i. Now H„ = H„+i 

implies that 

(T", i)A'^" c Hi V (r, iM'^ V (r^, v • •• v (r"-S iM^" 

To show H„+i = H„+2 we shall show that 

[T"+\ i)A'^"^' c (r, i]A'' V (r^, V • •• V (r", iM'^". 

Then it will follow that Hn+z ^ -ff„+i. From that it follows that H„+i = H„+2. 



iT"+\l]A'^"^ =iT,l] 



^iT",l]A<^" 

^Hi V (r, iM'^ V (r2, i).4'^' V • • • V ( r«-i, 
^//i V (T, iM'^ V (r2, i).^'^' V • • • V ( r«-i, 



















v(r,i) 




v---v(r,i) 





□ 
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Here is a condition to ensure that the defect sequence is strictly increasing. 
Lemma 2.5. For a pure tuple T, A j-" < A^n+i for all n. 

Proof. Let there exist k such that A Then from theorem 2.3 we have A for 

all n > A;. Which implies = H^+i = • • • . As a result we have 

ker(/« - (^^ ir) = ker(/H -(r^+\ \){T^+\ !)* = •••. 

So taking x G ker(/H — [T^, \){T^, Vf) we have 

\\x\\=\\{T\irx\\=\\{T'^^\\rx\\=- . 

Note that purity of T is the same as [T", Vf converging to strongly. Since (T", 1)* strongly 
goes to zero, we have x = 0. So we have ker(/H — {T^, \){T^, Vf) — {0}. Which implies = H. 
So we have Aj^* = dimH = oo.which is a contradiction. So we have Arn < A^n+i for all n. □ 

Now we shall see a condition for which Ayn = n. 

Lemma 2.6. If dim{Hi) = 1, dim{T", l)A'^" = 1 and T is pure, then At« = n. 

Proof We have seen that H„ c Hi V ( T, 1)^^ V ( T^, IM'*' V • • • V (r^-i, for all n = 2, 3, • • • 

where 

= ^^{1^,, - {T, d^){T, d^T) C H"'. 

Hence At« < n for all n = 2, 3, • • • . If there exists such that Ar«o < no.then since Ay = 1 and 
{Ayn} is increasing, we have which can not happen from the previous lemma. 

So we have At-k = n. □ 

Theorem 2.7. Aj-n = dim{Rang^Ifjd"—{T", 1)*{T", 1)) ifandonlyifdim{ker{T", l)) = dim{ ker{T 

Proof. First we shall show that if dim(ker(r", 1)) = dim(ker(r", 1)*) then there exists a unitary 
operator U:H<i" such that (T", 1) = U{[T", l)*(r", l))i/2. First observe 

\\{{T\mT\l)fl^xf=\\{T\\)xf. 

The operator V : Range((r", VflT**, 1))^/^ RangeCT", 1) is an onto isometry. Also 

R^((r", inr", \)fi^ = R^(r", i)*. 

So V : Range(r", 1)* Range(r", 1) is unitary and [T", 1) = V{{T", l)*(r", We write 

H'^"=Range(rM)*© ker(rM). 

H = Range(r", 1)0 ker(r", 1)*. 

If dim(ker(r", 1)) = dim(ker(r", 1)*) then there exists unitary W : ker(r", 1) ker(r", 1)*. 
Thus 

U^V®W:'RangeiT'',lf® ker(rM) ^Range(r", 1)© ker(r",l)* 
is unitary and (T", l] = U{iT",l)*iT", Which implies 

[T", IXT", If = U{T", lf{T", l)U*. 
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As a result we have if dim(ker(r", 1)) = dimCkerCr", 1)*) then At« = dim (Range(/^^d" -(T", l)*(r", 
For the converse if A^n = dim(Range(/j:^d« — (T", l)*(r", 1)) then there exists unitary U : H^" 
H such that 

[T", 1){T", If = U[T", lf[T", l)U*. 

First note that {T", IfiT", l)lRaEge(rMr unitarily equivalent with {T", 1]{T-, Ifl^^^^^n^.y 
Indeed, this can be seen by an argument similar to the proof of Lemma 1.4 in [8]. Since 
V*{iT",l]{T",l)*}V = (r",l)*(r",l), where V : Range(r",l)* ^ Range(r",l) is defined as 
above, 

(r",l)*(r",l) = AieO onRange(r",l)*e kerCr",!) 

and 

(r",l)(r'',l)* = A2eO onRange(r",l)e ker(r",l)*. 

Thus, dim(Range(/H-(r", IX T",!)*) ) = dim(Range(V« -{T", l)*(r«, 1))) implies that dim(Rang 
Ai)) + dim(ker(r", 1)) = dim(Range(/ - A2]) + dim(ker(r", 1)*). As a result, dim(ker(r", 1)) = 
dim(ker(r",l)*). □ 



3. Maximal operator tuples 

Definition 3.1. Call an operator tuple T = (Ti, • • • , T^) maximal ifAj" —[l + d-\ 1- d""^)Ar 

for any positive integer n. 

Given a Hilbert space if, define the full Fock space over if by 

r(if) = c©^©^®2©---©^®^®---. 

The one dimensional subspace C © {0} © {0} © • • • is called the vacuum space ^l. The unit norm 
element (1, 0, 0, . . .) is called the vacuum vector and is denoted by co. The projection on to the 
vacuum space is denoted by Eq. 

Let { ei, ^2. • • • . } be an orthonormal basis of . Then an orthonormal basis for the full tensor 
product space (C*)®*^ is {e/j • • • ® e/^^ : 1 < ii,...,ik <d}. Define the creation operator tuple 
V = {Vi,V2,...,Vd)onthe full Fock space r(C'*) by 

V^^ = ej(8)?for z = l,2,...,d and^eFCC^). 

Needless to say that ® £u is identified with e,. It is easy to see that the are isometrics with 
orthogonal ranges. 

Lemma 3.2. The creation operator tuple V = {Vi,--- ,Va) is maximal. 

Proof. We compute the action of on the orthonormal basis elements: 

{V*[ei, (8> e/, (8> • • • (8) e,- J, = {d, O e,, • • • e,-,, ViE,) 

= {ei,®ei^®---®ei^,ei®^) 




{ei,®---®ei„,0 ifii = i 
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Thus 

I ifii = i 

I U It I. 

Hence it follows that X ® e,2 (8) • • • O e, J = e,i ® ••• ® e^j. for any A; > 1 and 1 < 

ii,...,ik ^ d. 
Now 

(^) = {CO, ei ®^) = Q for any ? e rCC^) and any i. 

Thus ^ V/V^*(a)) = and hence I — '^ViV^ is the 1 -dimensional projection onto the vacuum 
space. In a similar vein, it is easy to see that 

is the projection onto C®C^ ®(C^)®2©---e(C^)®''~\ the direct sum of A; particle spaces from 
A; = to n — 1 . This space has dimension \ + d^ □ 

Lemma 3.3. IfW = {Wi, W2, • • • , VV^) is a contractive tuple consisting of isometrics, then W is 
maximal. 

Proof. For this proof, we shall use the Wold decomposition of W due to Popescu. Theorem 1.3 
of Popescu [9] says that the Hilbert space H decomposes into an orthogonal sum if = Ho® ^^i 
such that Hq and Hi reduce each operator for / = 1, 2, • • • , d and 

(i) (/-Xti^^*)lHi = 0' 

(ii ) if Ai = Wi\Ho, then the tuple A is unitarily equivalent to the tuple consisting of ® Isi^ . 
Since the reducing subspace Hi does not contribute to the defect dimensions at all, we have 
the result. □ 

The next lemma shows that a maximal operator tuple restricted to a reducing subspace is also 
maximal. 

Lemma3.4. Let{Ti,--- , To) he a maximal operator tuple and M he a reducing subspace for each 
o/Ti, ••• , Tdjthen the operator tuple{Ti\M,--- , TdiM) is also maximal. 

Proof. Let dim [Hi) = dim { Range (/ — ^' ~ ^- ^^e first defect space of the operator 
tuple ( Ti Im, • • • , 7d Im) is given by 

d 

H; = B^ilM-Y,(Ti\M)iTi\MT) 

i=l 
d 

= ~R^iI-J^TiT*)\M. 

So H^ c Hi. Now we know that the second defect space of the operator tuple (Ti,-- - , Ta) is 
given by 

H2 = HiV(r,lM^ 

= HiWUHi)w--WTa{Hi). 
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Since it is given that the operator tuple (Ti, • • • , Ta) is maximal, so dim (H2) = {l+d)n = n+nd. 
Which implies dim { Ti{Hi)} = n for all / = 1, • • • , Now the second defect space of the opera- 
tor tuple (TiIm,--- , Trflw) is givenbyH2 = //jVri|M(^^i)V---vrrf|M(Hj). Since dim{Ti{Hi)} = n 
and H'^ c Hi, so dim { 1} \m{H'-J\ — dim [H'^. As a result dim [H'^ = {\ + d) dim [H'^. Similarly 
it is easy to see that dim (//|^ ) = ( 1 + d + • • • + d "-i) dm\{H'^). □ 

We shall investigate the question of maximality of the tuple (Pm M Im. • • • . Pm ^ Im) where M is 
either an invariant or a co-invariant subspace of r(C^). 

Lemma3.5. IfM isan invariant subspace of Y{C^), then the tuple {Vi\m,--- , VAm) ismaximal. 

Proof. Since the tuple (MIm>"- > M^Im) is a contractive tuple consisting of isometrics, so by 
lemma 3.3 the tuple is maximal. □ 

The situation for co-invariant subspaces is starkly different. In the rest of this section, we give 
an example of a co-invariant subspace such that the compression of the creation operators to 
this subspace is not maximal. We also give an example of a co-invariant subspace for which it 
is maximal. 

Here we shall introduce the multi-index notation. Let A denote the set {1,2, ••• ,d} and A™ 
denote the m — fold cartesian product of A for m > 1. Let A denote IJm=o^'"' where A° is just 
the set {0} by convention. For a e A, denote the vector ea^® ea2®---® ^un, the full Fock 
space r(C'*), and eo is the vacuum vector co. 

The following shows that there exists co-invariant subspace M c TiC^) such that the operator 
tuple (Pm^Im, • • • ,Pm^Im) is not maximal. 

Let us consider the operator tuple [Ri,--- ,Rd) on r(C'^) where each Rj : r(C^) — » r(C^) is 
given by 

Rj{^) = ? 8) ey, for 7 = 1, 2, • • • , d and ? e HC^). 

Note that ViRj = RjVi for all i,j e {1,2,--- ,d}. Fix any 7 e {1,2,--- ,d} and consider the sub- 
space M-*- c r(C'') given by M-*- = Range Rj. So the subspace is invariant under each 
Vi. The orthonormal basis of M-*- is given by {e^ ® ey,for all a e A}. Let us consider the op- 
erator tuple T = [PmVAm,--- .Pm^Im)- The first defect space of the tuple is given by Hi = 
Range (Pm - Xti PMViPMV*PM). The operator 



d 

PM-Y,PMViPMV;PM = Pm[I -^ViV*]PM 



i=l i=l 

= PmEqPm 
= Eo. 



So Hi = fZ and = L The second defect space of the tuple T is given by 



H2 = HiV PmViPm{Hi) V • • • V Pm V^^PmC^O = Hi V PmCsi) V • • • V PM(ed). 
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Now 

Pmiei] = ei-PM^et] 

asA 

— Si {Ci, ej)ej. 

So the second defect space has dimension l + {d — l) = d. Hence the operator tuple T is not 

maximal. 

Our aim is to find a class of co -invariant subspacesM c ^C*) of the tuple (M,--- , l^) for which 
the tuple (Pm M Im, • • • , M< Im) is maximal. 

Take an inner function if G r(C^) which is given by if — XaeA'^"^" such that Aq = and # 
for infinitely many a. (See [1] for the definition of inner function.) Note since (p is inner the 

multiplication operator M,^ : r(C'^) — > r(C'^) given by Mip{r]) = ri<^ if is a.n isometry. 
Consider the closed subspace c T{C^) given by M-*- = TiC^] (E) (p. The subspace M-*- is 
invariant under each Vj and it has ortho normal basis given by {ecf (8> (/j; a e A}. Our claim is the 
tuple r = (PMMlM.-" .^V^lMjis maximal. The first defect space ofthe tuple Tis given by 

d 

Hi = B^iPM -^Pm ViPM Vp Pm). 

The operator 

d d 

PM-Y,PMViPMV;PM = Pm{I -Y.^iK'^^M 

i=l i=l 

= PmEqPm 
= Eo. 

So At = 1 and Hi = O. The second defect space of the tuple T is given by 

H2 = HiW PmVMHi] V • • • V PMVdPMiHi] = Hi\/ Puiei] V • • • V PwCed). 

Here 

PMiet) = ei-PM^ei) 

= e/-2^(e/,ea®97>ea®9P 

aeA 

= ei-{ei,ip)ip 

The vectors {e\ — Xiif,--- ,Sd — ^dP) are linearly independent, because if has infinitely mane 
co-ordinates non zero. As a result the second defect space has dimension d + 1. The third 
defect space of the tuple T is given by 

Hs = HiW PmVMHi) V • • • V Pm VaPM{Hi] V (Pm VM\Hi] V • • • V (Pm VM^Hi). 
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Now, 

PMViPMVjPMiHi) = PM^ej - Xjif) = Puiei ® ej)- Pm^Mi kp) 

= PM{ei®ej) 
= {ei®ej)-PM^{ei®ej) 

aeA 

= (e,- ® ey) - A,7 9? - A;(e,- ® 97). 

Again the vectors {e,® — A;y (/J — Aj(e, (8>(/j) for 1 < zj' < d] are linearly independent as (/? has 
infinitely many non-zero co-ordinates. As a result the third defect space H3 has dimension 
l + d + d^.ln the same fashion the n-th defect space /f„ has dimension l + d-\ \-d"~^. 

4. Commuting tuples 
Lemma 4.1. For a commuting operator tuple T = {Ti,--- ,Ta) and any positive integer n, 

n-l 



^-"^2.1 d-i l^^- 

k=0 ^ ^ 



Proof. As before, for a contractive non-unital spanning set Ti, Ta, . . . , T^, we have A 7-2 <{d + 
1)At. So the result holds for n = 2. If it holds for n — 1, then 



k + d-l 

fc=0 ^ 



fc=0 ^ 

Now I - P^{I) = 1- P^"'(/) + P^-'il - Pt{I)). So 



Ar» < 2 I ) Ar + dim Range P^-\l - Pt{I]] 

k=0 ^ ^ 

^ X^fk + d-l\^ rn-l + d-l\^ X^fk + d-l\^ 



□ 



Definition 4.2. CaZZ a commuting operator tuple T = (Ti, • • • , T^) maximal if for any positive 
integer n, 

^T^=U d-l ]^^- 



The tuple V = {Vi,^,...,V4) has a certain co-invariant subspace (i.e., the subspace is invariant 
under for each i) that is of special interest. To describe it, consider the permutation group 
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(Tjk in A; symbols. It has a unitary representation on the full tensor product space S£®^ for 
A; = 1, 2, . . .. The representation is defined on elementary tensors by 

L/;T:(Xi®X2®---®Xfc) = X„-i(i)®X;r-i(2)<8>-"<8>X;r-i(fc), X,Gif. (4.1) 

The symmetric tensor product of k copies of S£ is then the subspace of the full tensor product 
c£®k consisting of all vectors fixed under the representation of the permutation group. 

Of course, if © ^ = S£®^ = 5£ . It is now natural to consider the symmetric Fock space. It is a 
subspace of the full Fock space and is defined by 

Note that the vacuum vector of the full Fock space is in the symmetric Fock space. We con- 
tinue to denote by £0 the projection onto the one-dimensional space spanned by the vacuum 
vector. Denote by the orthogonal projection onto the subspace rs(if) of r(if ). Now we 
specialize to iif = C^. As before, {ei, e2,...,ed]is an orthonormal basis. The projection Pg acts 
on the full tensor product space iif by the following action on the orthonormal basis: 

1 

Psiei, «) e;, (8> • • • (8> e; J = — 2^ e;,^,, O e/^^, • • • (8> e/^^,, 

where n varies over the permutation group (Jk- It is well known (see for example [5] that 
Ts{C'^] is an invariant subspace for V*, V*,..., VJ[. Define the d-shift (see [2]) S = (Si, S2, . . . , Sa] 
on r^(C'*) by 

Si^ = Psiet ® = P. Vi^ for J = 1, 2, . . . , d and ^ e r,(C^). 
Since are isometrics, the S, are contractions. They are commuting operators, see [5]. 

Lemma 4.3. The operator tuple S = [Si,--- ,Sd) isa maximal commuting operator tuple. 

Proof. A computation similar to the proof of Lemma 3.2 shows that for any n = 1,2, . . ., the 
operator 

/- V SuSu...Si„sr. ...s*s* 

'1 '2 in j„ 12 ii 

is the projection onto C © C © (C'')©^ © • • • © (C'^)©""^. This is so because of commutativity. 
This space has dimension ^^^g ^ ^ 

Consider the Arveson space on the unit ball B^^ defined by the reproducing kernel Kx[z) = 
1/(1— < z,A >), where < z, A >= Xy^i'^i'^i- From proposition 2.13 of [2] we know that, the 
spaces and Ts[C'') are unitarily equivalent and the d tuple of operators (Si,---,Sd) on 
rj;(C^) is unitarily equivalent to the d- shift (Mz^, - - ,Mz^) on H^. By a multiplier of we 
mean a complex- valued function / on with the property fH^ C H^.The set of multipliers 
is a complex algebra of functions defined on the ball B^ which contains the constant func- 
tions, and since itself contains the constant function 1, it follows that every multiplier must 
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belong to . In particular, multipliers are analytic functions on . It is easy to see that a mul- 
tiplication operator Mf on defined by a multiplier / is bounded. Let M c be closed 
and invariant under action of the d- shift and Tm = (MzJm. - •• ,MzJm]- From proposition 6.3.1 
of [6] (page no: 142) we know that fM c M, if / is a multiplier of H^. It is obvious that the d - 
tuple Tm is a d -contraction and hence 

Pmj 

where Pm is the orthogonal projection from H^^ onto M. The first defect dimension for the 
tuple Tm is given by 

d 

At^ = dim{RiH^(PM - X PmMI)] 

i=l 

The next theorem shows that A^^,^ > 2, for any proper closed subspace M of H^, where d>2. 

Theorem 4.4. Let M be a proper, closed subspace ofH^,d > 2, which is invariant under the 
action of the d— shift. Then At^^ > 2. 

Proof. Clearly A^^ > 1. If A^m = 1, then from proposition 6.3.7 of [6] (page no: 148) we have 
there exists a multiplier of such that Pm = M^pM*^. Note that ker(M,^) = {0}. Indeed if 
/Gker(M^), then 

ip{z]f{z] = 

for all z e Brf. Since is not identically equal to zero, there exists w GMa such that ip[w] y^O. 
Which implies there exists B[w, r) an open ball of radius r on which if is not equal to zero. 
So /(z) = for all z e B{w, r). As f G H^, so / is identically equal to zero. Thus, M = ipH^ 
and M*^M^ — Id. Now by Corollary 6.2.5, of [6] (page no: 140), we see that if is constant, and 
hence M = H^. This contradiction shows that A^^^ > 2. □ 

5. Pure operator tuples 

The operator tuples V = {Vi,V2,...,Vd] on HC*) and S = (Si,S2,...,Sd) on TsiC^] have the 
special property that Py{I) and Pgil) converge strongly to and hence they are pure. 

Lemma 5.1. Let T = {Ti,--- ,Td) be a pure operator tuple on H and M C.H either an invariant 
or a co-invariant subspace for each 7] and letAi = PMTi\M for i = l,--- ,d. Then the tuple A = 
iAi,---,Ad) is pure. 

Proof. First let M c H is an invariant subspace for each 7] and consider the tuple ^ = (Ti |m, • • • . Im)- 
It is easy to see that P^(/) < Pxil)- Since P^il) goes strongly to zero so also P^{I). 
Now let M c if is a co-invariant subspace for each 7} and consider the tuple A = [Pm 71 |m, • • • . |m). 
First observe that, 

d 

Pa{I) = X^^m^Ia^XA^t^Im)* 

1=1 

d 

= J^PMTiT*\M 

1=1 
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Now, for m&M we have, 

d d 

{^PMTiT*m,m) = Y,^PMTiT*m,m) 

i=l !=1 

d 

< {^TiT*m,m) 

i=l 

< {m,m). 

That implies 

Pa[I) < Pt[I)\m < Im 

Similarly we can show that, 

p;(/) < p;(/)|m 

But the right hand side converges strongly to zero. So, P"il) converges strongly to zero. □ 

It is certainly not true that a maximal commuting operator tuple is necessarily pure. For ex- 
ample, let us consider a spherical isometry Z = (Zi,Z2, . . . ,Zd) on a Hilbert space J/', i.e., Z/ are 
commuting and Y,Z*Zi - I^^. If for j = 1, 2, ... , d, we define Af = Si ®Zi on TsiC) © Jt^, then 
Pa" [I] = Ps" (/) © Pz" iI) = PsniI)®I and hence 

(i) A^n = As« for every n — l,2,... and 

(ii) as n ^ 00, the operator Pa"{I) converges strongly to a projection. 
The next lemma connects an irreducible tuple with pure tuple. 

Definition 5.2. A tuple T = {Ti,--- ,Td] ona common Hilbert space H is said to be irreducible if 
there exists no proper closed subspace M<^H which is reducing under Tj for i = l,--- ,d. 

Lemma 5.3. IfT = {Ti,--- ,Td] is an irreducible tuple such that At > 0, then T is pure 

Proof. Theorem 4.5 of [5] states that if T = (Ti,-- - , r^) is any contractive tuple acting on a 
separable Hilbert space H and At = m (which is a non-negative integer or oo), then there 
is a separable Hilbert space ^ of dimension m, another separable Hilbert space J/' with 
a tuple of operators Z = (Zi,--- ,Zd) acting on it, satisfying Z*Zj = Stj for I < i,j < d and 
ZiZ* + ■■■ +Z„Z*^ = fY such that : 

[a] H is contained in H = [TiC^) <8) ^) © as a subspace and it is co-invariant under A = 
m.V®Z. 

{b)T is the compression of A to /f i.e,. 

Ti^ Ti^--- Ti^ h = PnAi.Ai^ ■ --Ai^ h for every hGH,k> landl < ii, ii,--- ,ik<n. 



(c) fi = span{Ai^Ai^---Ai^h,'w\iexeh&H,k > landl < i\, iz,--- , ik < n]. 
Since (Ti, • • • , Ta) is an irreducible tuple on H, so either H c r[C'^) ®M oxHC. J{ . Now if H c 
J{ then Ar = 0. So H c Y{C^)%M and 7} = Pu{Vi% Iji)\n- As a result the tuple T = (Ti, • • • , T^) 
is pure. □ 
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The converse of this lemma is not true. Let us consider the operator tuple r = (14®Si,---,l^® 
Sd) defined on the Hilbert space nC^jSFsCC^). Here T is pure, = 2, but T is not irreducible. 

We end with an example of a pure operator tuple, which is not maximal.Consider the Hilbert 
space H = r(C''~^)0C and let (Ti, • • • , T^) be the operator tuple on H given by 

^i=(o o)''"''^^-'=[\' o)'^^=(o rl)- 

where < r < 1. 
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